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1 Introduction
Let p be a fixed prime, N∗ the set of positive integers, q := pk with a fixed k ∈ N∗, Fq the finite
field with q elements and Un(q) (n ∈ N∗) the group of upper unitriangular n × n-matrices (i.e.
upper triangular matrices with 1s on the main diagonal) with entries in Fq. Then Un(q) is a
Sylow p-subgroup of the general linear group GLn(q) of invertible n× n-matrices over Fq.
G. Higman [Hig60] formulated a longstanding conjecture: for a fixed n, the number of con-
jugacy classes of Un(q) is determined by a polynomial in q with integral coefficients depending
on n. G. Lehrer [Leh74] refined Higman’s conjecture: the number of irreducible characters
of Un(q) of degree q
c (c ∈ N) is an integer polynomial in q. I. M. Isaacs [Isa95] proved that
the degrees of complex irreducible characters of Fq-algebra groups are powers of q. Then I.
M. Isaacs [Isa07] gave a strengthened form of Lehrer’s conjecture: the number of irreducible
characters of degree qc is some polynomial in (q − 1) with non-negative integeral coefficients.
A. Vera-López and J. M. Arregi [VLA03] proved Higman’s conjecture for n ≤ 13. Recently, I. Pak
and A. Soffer [PS15] verified Higman’s conjecture for n ≤ 16.
It is natural to consider Higman’s conjecture, Lehrer’s conjecture and Isaacs’ conjecture for
the Sylow p-subgroups of other finite groups of Lie type. Let G(q) be a finite group of Lie type,
U(q) a Sylow p-subgroup of G(q), k(U(q)) the number of conjugacy classes, #Irr(U(q)) the
number of all complex irreducible characters, #Irr(U(q), qc) the number of complex irreducible
characters of degree qc, #M(U(q)) the number of pairwise orthogonal irreducible constituents
of the regular U(q)-module CU(q). S. M. Goodwin, P. Mosch and G. Röhrle [GR09, GMR14,
GMR16] obtained an algorithm and calculated k(U(q)) for U(q) of rank at most 8, except E8.
For the Sylow p-subgroup U(q) of the Chevalley group D4(q) of type D4, F. Himstedt, T.
Le and K. Magaard [HLM11] determined the complex irreducible characters and calculated
#Irr(U(q), qc). M. Jedlitschky [Jed13, Appendix A.3] decomposed the regular module CU(q)
with p 6= 2 into irreducible constituents, and obtained #Irr(U(q), qc) and #Irr(U(q)). S. M.
Goodwin, T. Le and K. Magaard [GLM17] constructed the generic character table of U(q). Hig-
man’s conjecture, Lehrer’s conjecture and Isaacs’ conjecture are true for U(q).
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For the Sylow p-subgroup U(q) (p > 3) of the Chevalley groupG2(q) of type G2, F. Himstedt,
T. Le and K. Magaard [HLM16] determined most irreducible characters of U(q) by parameter-
izing midafis (minimal degree almost faithful irreducible characters).
S. M. Goodwin, T. Le, K. Magaard and A. Paolini [GLMP16] parameterized the irreducible
characters of the Sylow p-subgroup U(q) (p > 2) of the Chevalley group F4(q) of type F4.
Let U be a Sylow p-subgroup of the Steinberg triality group 3D4(q
3). T. Le [Le16] con-
structed and counted all ordinary irreducible characters of U , mainly using Clifford theory.
In this paper, let p be a fixed odd prime, q := pk a fixed power of p. In Section 2, we recall
the construction of a Sylow p-subgroup U of the Steinberg triality group 3D4(q
3). In Section
3, we establish the conjugacy classes and the explicit elements of the conjugacy classes of the
Sylow p-subgroup U . Based on T. Le’s work [Le16], we determine the specific constructions of
all of the pairwise orthogonal complex irreducible characters of U by Clifford’s Theorem (see
[CR81, Section 11]) in Section 4. Finally, we further calculate the values of the irreducible
characters and obtain the character table of U in Section 5.
If p > 2, the classification of conjugacy classes of U and the construction of irreducible
character of U are uniform. If p = 2, the Lemma 3.6 does not hold, so the analysis is different.
Some results still hold when their proofs do not use this lemma. For example, the conjugacy
classes of x = x(0, 0, 0, t4, t5, t6) ∈ U (t4 ∈ Fq3 , t5, t6 ∈ Fq) for p = 2 are the same as these in
Table 1 for p > 2, but the conjugacy classes of x3(t
∗
3) ∈ U (t
∗
3 ∈ F
∗
q3) for p = 2 and these for
p > 2 are different (see Remark 3.12). Similarly, the irreducible characters in the family F4 of
Proposition 4.12 do not hold when p = 2. The construction of this case can be found in [Le16,
3.3]. The irreducible characters in the other cases for p > 2 and for p = 2 are the same (see
Remark 4.14).
The main results in this paper are summarized in the following theorem:
1.1 Theorem. Let 3D4(q
3) be the Steinberg triality group over Fq3 when p > 2, and let U be
a Sylow p-subgroup of 3D4(q
3). The conjugacy classes of U are shown in Proposition 3.11. The
explicit constructions of irreducible characters of U are given in Proposition 4.12. In Proposition
5.1, the character table of U is obtained.
Here we fix some notation: Let K a field, K∗ the multiplicative group K\{0} of K, K+ the
additive group of K, Fq the finite field with q elements, Fq3 the finite field with q
3 elements, C
the complex field, Z the set of all integers, N the set {0, 1, 2, . . . } of all non-negative integers,
N∗ the set {1, 2, . . . } of all positive integers.
2 Sylow p-subgroups U of the Steinberg triality group 3D4(q
3)
In this section, we recall the root system of D4, the construction of a Sylow p-subgroup U of the
Steinberg triality group 3D4(q
3), and the commutator relations of U . The main references are
[Car72] and [Hum78].
Let V4 be a fixed Euclidean space with the usual orthonormal basis ε1, ε2, ε3, ε4, where the
inner product ( , ) is the usual one. The set ΦD4 = {±εi± εj | 1 ≤ i < j ≤ 4} is a root system of
type D4, and (r, r) = 2 for all r ∈ ΦD4. The fundamental system of roots of the root system ΦD4
is∆D4 = {ε1−ε2, ε2−ε3, ε3−ε4, ε3+ε4}. The positive system (relative to∆D4) of roots of ΦD4
is Φ+D4 := {εi ± εj | 1 ≤ i < j ≤ 4}. Let r1 := ε1 − ε2, r2 := ε2 − ε3, r3 := ε3 − ε4, r4 := ε3 + ε4,
then ∆D4 = {r1, r2, r3, r4}.
Let r :=
∑4
i=1 xiri ∈ V4, s :=
∑4
i=1 yiri ∈ V4, then we write r ≺ s, if
∑4
i=1 xi <
∑4
i=1 yi, or if∑4
i=1 xi =
∑4
i=1 yi and the first non-zero coefficient xi − yi is positive. If r =
∑4
i=1 xiri ∈ ΦD4,
the height of r (relative to ∆D4) is denoted by ht(r) :=
∑4
i=1 xi. Let r5 := r1 + r2, r6 :=
r2 + r3, r7 := r2 + r4, r8 := r1 + r2 + r3, r9 := r1 + r2 + r4, r10 := r2 + r3 + r4, r11 :=
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r1 + r2 + r3 + r4, r12 := r1 + 2r2 + r3 + r4, then Φ
+
D4
= {ri | i = 1, 2, . . . , 12}. We get the total
order of Φ+D4 as follows:
0 ≺ r1 ≺ r2 ≺ r3 ≺ r4 ≺ r5 ≺ r6 ≺ r7 ≺ r8 ≺ r9 ≺ r10 ≺ r11 ≺ r12.
Let L be a complex simple Lie algebra of type D4 with a Cartan subalgebraH, a Cartan decom-
position L = H ⊕
∑
r∈ΦD4
Lr, and a Chevalley basis {hr | r ∈ ∆D4} ∪ {er | r ∈ ΦD4}, where
er ∈ Lr for all r ∈ ΦD4. Then [er, es] = Nr,ser+s for all r, s ∈ ΦD4, where Nr,s = ±(nr,s +1) and
nr,s is the greatest integer for which s− nr,sr ∈ ΦD4 .
We choose the signs of the structure constants Nr,s for extra special pairs (r, s) (see [Car72,
Page 58]) as follows:
−Nr1,r2 = Nr2,r3 = Nr2,r4 = 1, Nr1, r2+r3+r4 = 1,
Nr1,r2+r3 = Nr1,r2+r4 = Nr2,r3+r4 = 1, Nr2, r1+r2+r3+r4 = 1.
Then the structure constants of the other special pairs (see [Car72, Page 58]) of ri ∈ Φ
+
D4
\∆D4
are 1.
Let x ∈ L. We define a linear map by adx : L → L : y 7→ [x, y] := xy − yx. Let xr(t) :=
exp(t ader) for all r ∈ ΦD4, t ∈ C. Let K be a field, then the Chevalley group of L over K
is defined by D4(K) := 〈xr(t) | r ∈ ΦD4 , t ∈ K〉. The Chevalley group of L over Fq is also
denoted by D4(q). Let r ∈ ΦD4, then the root subgroup is denoted by Xr := 〈xr(t) | t ∈ K〉.
The subgroup 〈xr(t) | r ∈ Φ
+
D4
, t ∈ Fq〉 is a Sylow p-subgroup of D4(q).
Let σ be a non-trivial symmetry of the Dynkin diagram of LD4 sending r1 to r3, r3 to r4, r4 to
r1, and fixing r2, ρ be a linear transformation of V4 into itself arising from σ, then ρ(ΦD4) = ΦD4.
The Chevalley group D4(q
3) has a field automorphism Fq : Fq3 → Fq3 : t 7→ t
q sending xr(t) to
xr(t
q), and a graph automorphism ρ sending xr(t) to xρ(r)(t) (r ∈ ΦD4). Let F := ρFq = Fqρ.
For a subgroup X of D4(q
3), set XF := {x ∈ X|F (x) = x}. Then we get D4(q
3)F = 3D4(q
3).
Set r1 := 13(r + ρ(r) + ρ
2(r)) for all r ∈ ΦD4. Let α :=
1
3(r1 + r3 + r4) and β := r2, then
∆G2 := {α, β} (α is short) is a fundamental system of type G2, and the root system of type G2
is
ΦG2 ={r
1 | r ∈ ΦD4} = {±α,±β,±(α + β),±(2α + β),±(3α + β),±(3α + 2β)}.
We obtain the following elements of 3D4(q
3). Let r ∈ ΦD4 and t ∈ Fq3, we set
xr1(t) :=
®
xr(t) if ρ(r) = r, t
q = t
xr(t)xρ(r)(t
q)xρ2(r)(t
q2) if ρ(r) 6= r, tq
3
= t
.
The root subgroups of 3D4(q
3) are Xr1 := {xr1(t) | t ∈ Fq3} for all r ∈ ΦD4.
We write
x1(t) :=xr11
(t) = xr1(t)xr3(t
q)xr4(t
q2) for all t ∈ Fq3 ,
x2(t) :=xr12
(t) = xr2(t) for all t ∈ Fq,
x3(t) :=xr15
(t) = xr5(t)xr6(t
q)xr7(t
q2) for all t ∈ Fq3 ,
x4(t) :=xr18
(t) = xr8(t)xr10(t
q)xr9(t
q2) for all t ∈ Fq3 ,
x5(t) :=xr111
(t) = xr11(t) for all t ∈ Fq,
x6(t) :=xr112
(t) = xr12(t) for all t ∈ Fq.
Set Xi := {xi(t) | t ∈ Fq3} (i = 1, 3, 4) and Xi := {xi(t) | t ∈ Fq} (i = 2, 5, 6). Note that the root
subgroups are denoted by Yi in [Le16], and Y1 := X2, Y2 := X1 and Yi := Xi for i = 3, 4, 5, 6.
We obtain a Sylow p-subgroup U of 3D4(q
3):
U :=
¶
x2(t2)x1(t1)x3(t3)x4(t4)x5(t5)x6(t6)
∣∣∣ t1, t3, t4 ∈ Fq3 , t2, t5, t6 ∈ Fq
©
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where the product can be taken in an arbitrary, but fixed, order.
Let t1, t3, t4 ∈ Fq3 , t2, t5, t6 ∈ Fq and define the commutator
[xi(ti), xj(tj)] := xi(ti)
−1xj(tj)
−1xi(ti)xj(tj).
Then the non-trivial commutators of U are determined as follows:
[x1(t1), x2(t2)] =x3(−t2t1)x4(t2t
q+1
1 )x5(−t2t
q2+q+1
1 )x6(2t
2
2t
q2+q+1
1 ),
[x1(t1), x3(t3)] =x4(t1t
q
3 + t
q
1t3)x5(−t
q+1
1 t
q2
3 − t
q2+q
1 t3 − t
q2+1
1 t
q
3)x6(−t1t
q2+q
3 − t
q
1t
q2+1
3 − t
q2
1 t
q+1
3 ),
[x1(t1), x4(t4)] =x5(t1t
q
4 + t
q
1t
q2
4 + t
q2
1 t4),
[x3(t3), x4(t4)] =x6(t3t
q
4 + t
q
3t
q2
4 + t
q2
3 t4),
[x2(t2), x5(t5)] =x6(t2t5).
From now on, we set
x(t1, t2, t3, t4, t5, t6) := x2(t2)x1(t1)x3(t3)x4(t4)x5(t5)x6(t6) ∈ U.
3 Conjugacy classes
In this section, let p be a fixed odd prime, we determine the conjugacy classes of the Sylow
p-subgroup U of 3D4(q
3).
3.1 Notation. Let x, u ∈ U , then the conjugate of x by u is defined by ux := uxu−1, and the
conjugacy class of x is the set Ux := {vxv−1 | v ∈ U}.
3.2 Lemma. Let φ0 : Fq3 → Fq : t 7→ t+ t
q + tq
2
, then φ0 is an Fq-epimorphism and | ker φ0| = q2.
Proof. Let t, s ∈ Fq3 and k ∈ Fq, then φ0(t+ s) = (t+ s) + (t+ s)
q + (t+ s)q
2
= (t+ tq + tq
2
) +
(s + sq + sq
2
) = φ0(t) + φ0(s), and φ0(kt) = (kt) + (kt)
q + (kt)q
2
= k(t + tq + tq
2
) = kφ0(t).
Thus φ0 is an Fq-homomorphism. Observe that kerφ0 = {t ∈ Fq3 | t+ t
q + tq
2
= 0}. The degree
of t + tq + tq
2
is q2, so | ker φ0| ≤ q
2. On the other hand, |imφ0| ≤ q since imφ0 ⊆ Fq. Then
| ker φ0| =
|F
q3 |
|imφ0|
≥ q2 since Fq3/ker φ0 ∼= imφ0. Thus | ker φ0| = q
2 and imφ0 = Fq. Therefore,
φ0 is an Fq-epimorphism.
3.3 Proposition. There exists an element η ∈ Fq3\Fq (i.e. η ∈ Fq3 but η /∈ Fq) such that η
q2 +
ηq + η = 1.
Proof. By 3.2, we obtain #{t ∈ Fq3 | t
q2 + tq + t = 1} = q2. But |Fq| = q, so there are at least
q2 − q (> 1) elements of Fq3 which satisfy the equation t
q2 + tq + t = 1. Then the claim is
proved.
From now on, we fix an element η ∈ Fq3\Fq such that η
q2 + ηq + η = 1.
3.4 Corollary. 1 + η1−q
2
6= 0.
Proof. Suppose that 1 + η1−q
2
= 0. Multiply ηq
2
(6= 0) to both sides of the formula, then
ηq
2
+ η = 0, by 3.3 ηq = 1, so η = 1 ∈ Fq. This is a contradiction to that η ∈ Fq3\Fq.
3.5 Notation/Lemma. The map piq : Fq3 → Fq : x 7→ φ0(ηx) = (ηx)
q2 + (ηx)q + ηx is an
Fq-epimorphism and Fq3 = kerpiq ⊕ Fq. In particular, piq|Fq = idFq and pi
2
q = piq.
3.6 Lemma. Let p > 2 and u ∈ F∗q3, then the map ζu : Fq3 → Fq3 : t 7→ ut
q2 + uqtq is an
Fq-automorphism.
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Proof. Since taking the q-th power is an Fq-homomorphism, ζu is an Fq-homomorphism. Let
t ∈ ker ζu, then 0 = ζu(t) = ut
q2 + uqtq = (u1−qtq
2−q + 1)uqtq = ((u−1tq)q−1 + 1)uqtq. Suppose
that t 6= 0, then (u−1tq)q−1 = −1 and (u−1tq)2(q−1) = 1. Thus the order of (u−1tq)q−1 is
2, i.e. |(u−1tq)q−1| = 2. On the other hand, since u−1tq ∈ F∗q3, the order |u
−1tq| divides
(q3 − 1) = (q − 1)(q2 + q + 1), so |(u−1tq)q−1| divides (q2 + q + 1). Since q2 + q + 1 is odd, we
get |(u−1tq)q−1| 6= 2. This is a contradiction, so ker ζu = {0}. Thus Fq3 ∼= im ζu ⊆ Fq3, then
im ζu = Fq3. Therefore, ζu is an Fq-automorphism.
3.7 Corollary. Let p > 2, the map Fq3 → Fq3 : t 7→ t+ t
q is an Fq-automorphism.
We obtain the following conjugate elements from the commutator relations of U .
3.8 Lemma. Let u := x(r1, r2, r3, r4, r5, r6) ∈ U , xi(ti) ∈ U and t¯3 ∈ Fq3, then
ux6(t6) =x6(t6),
ux5(t5) =x5(t5) · x6(r2t5),
ux4(t4) =x4(t4) · x5(φ0
Ä
r1t
q
4
ä
) · x6(φ0
Ä
r1r2t
q
4
ä
+ φ0
Ä
r3t
q
4
ä
),
ux3(t3) =x3(t3) · x4(r1t
q
3 + r
q
1t3) · x5(φ0
Ä
rq
2+q
1 t3
ä
)
· x6(φ0
Ä
rq
2+q
1 r2t3
ä
+ φ0
Ä
− r1t
q2+q
3
ä
+ φ0
Ä
− t3r
q
4
ä
),
ux2(t2) =x2(t2) · x3(−r1t2) · x4(−t2r
q+1
1 ) · x5(−t2r
q2+q+1
1 )
· x6(−t2r5 − t
2
2r
q2+q+1
1 − t2r
q2+q+1
1 r2),
ux1(t1) =x1(t1) · x3(r2t1) · x4(−r2t
q+1
1 − t1r
q
3 − t
q
1r3)
· x5(r2t
q2+q+1
1 + φ0
Ä
rq
2
1 (−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
rq
2
3 t
q+1
1
ä
+ φ0
Ä
− t1r
q
4
ä
)
· x6(2r
2
2t
q2+q+1
1 + φ0
Ä
rq
2
1 r2(−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
r2r
q2
3 t
q+1
1
ä
+ φ0
Ä
− r2r
q
4t1
ä
+ φ0
Ä
− t1r
q2+q
3
ä
),
and
u
Ä
x3(t3)x5(t5)
ä
=x3(t3) · x4(r1t
q
3 + r
q
1t3) · x5(t5 + φ0
Ä
rq
2+q
1 t3
ä
)
· x6(r2t5 + φ0
Ä
rq
2+q
1 r2t3
ä
+ φ0
Ä
− r1t
q2+q
3
ä
+ φ0
Ä
− t3r
q
4
ä
),
u
Ä
x2(t2)x4(t4)x5(t5)
ä
=x2(t2) · x3(−r1t2) · x4(t4 − t2r
q+1
1 ) · x5(t5 − t2r
q2+q+1
1 + φ0
Ä
r1t
q
4
ä
)
· x6(−t2r5 − t
2
2r
q2+q+1
1 − t2r
q2+q+1
1 r2 + φ0
Ä
r1r2t
q
4
ä
+ φ0
Ä
r3t
q
4
ä
+ r2t5),
u
Ä
x1(t1)x3(t¯3)
ä
=x1(t1) · x3(r2t1 + t¯3) · x4(−r2t
q+1
1 − t1r
q
3 − t
q
1r3 + r1t¯
q
3 + r
q
1 t¯3)
· x5(r2t
q2+q+1
1 + φ0
Ä
rq
2
1 (−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
rq
2
3 t
q+1
1
ä
+ φ0
Ä
− t1r
q
4
ä
+ φ0
Ä
rq
2+q
1 t¯3
ä
)
· x6(2r
2
2t
q2+q+1
1 + φ0
Ä
rq
2
1 r2(−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
r2r
q2
3 t
q+1
1
ä
+ φ0
Ä
− r2r
q
4t1
ä
+ φ0
Ä
− t1r
q2+q
3
ä
+ φ0
Ä
rq
2+q
1 r2t¯3
ä
+ φ0
Ä
− r1t¯
q2+q
3
ä
+ φ0
Ä
− t¯3r
q
4
ä
+ φ0
Ä
t¯q
2
3 (r2t
q+1
1 + t1r
q
3 + t
q
1r3)
ä
),
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u
Ä
x2(t2)x1(t1)
ä
=x2(t2)x1(t1) · x3(r2t1 − r1t2) · x4(−r2t
q+1
1 − t1r
q
3 − t
q
1r3 − t2r
q+1
1 + t1t2r
q
1 + t
q
1t2r1)
· x5(r2t
q2+q+1
1 + φ0
Ä
rq
2
1 (−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
rq
2
3 t
q+1
1
ä
+ φ0
Ä
− t1r
q
4
ä
− t2r
q2+q+1
1 + φ0
Ä
− r1t
q2+q
1 t2
ä
+ φ0
Ä
tq
2
1 t2r
q+1
1
ä
)
· x6(2r
2
2t
q2+q+1
1 + φ0
Ä
rq
2
1 r2(−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
r2r
q2
3 t
q+1
1
ä
+ φ0
Ä
− r2r
q
4t1
ä
+ φ0
Ä
− t1r
q2+q
3
ä
− t2r5 − t
2
2r
q2+q+1
1 − t2r
q2+q+1
1 r2 + φ0
Ä
− 2r1r2t
q2+q
1 t2
ä
+ φ0
Ä
tq
2
1 t2r
q+1
1 r2
ä
+ φ0
Ä
rq
2+q
1 t1t
2
2
ä
).
Before we get the conjugacy classes of U , we need the following lemma.
3.9 Lemma. Let u ∈ Fq3\Fq, kerφ0 be the kernel of φ0, S := u ker φ0 and
φ0|S : u ker φ0 → Fq : t 7→ t
q2 + tq + t.
Then φ0|S is an Fq-epimorphism.
Proof. The kernel kerφ0 is an Fq-vector subspace of Fq3 and u ∈ Fq3, so u ker φ0 is an Fq-vector
subspace of Fq3 . Thus φ0|S is an Fq-homomorphism by 3.2. Let t0 ∈ ker φ0 and ut0 ∈ ker (φ0|S),
then tq
2
0 +t
q
0+t0 = 0 and u
q2tq
2
0 +u
qtq0+ut0 = 0, so u
q2tq
2
0 +u
q2tq0+u
q2t0 = 0 since u
q2 6= 0. Then
(uq −uq
2
)tq0+(u−u
q2)t0 = 0. Since u /∈ Fq, uq −uq
2
6= 0. Then (uq −uq
2
)−1t0 = (u
q −uq
2
)−qtq0,
so (uq − uq
2
)−1t0 ∈ Fq and t0 ∈ (uq − uq
2
)Fq. Thus | ker (φ0|S)| ≤ |u(uq − uq
2
)Fq| = q, then
|im(φ0|S)| ≥
|S|
| ker (φ0|S)|
3.2
= q
2
q = q. We have |im(φ0|S)| = q since |im(φ0|S)| ≤ |Fq| = q.
Therefore, φ0|S is an Fq-epimorphism.
3.10 Notation. Let a∗ ∈ F∗q3 = Fq3\{0}, then denote by T
a∗ a complete set of coset representatives
(i.e. a transversal) of (a∗F+q ) in F
+
q3. Thus |T
a∗ | = q2. If t¯0 ∈ T
a∗ and t¯0 ∈ a
∗F+q , we set t¯0 = 0.
3.11 Proposition (Conjugacy classes of U). Let p > 2, the conjugacy classes of the Sylow p-
subgroup U of 3D4(q
3) are listed in Table 1.
Proof. We prove the hard cases of the proposition. Let 0 6= t1 ∈ F∗q3, t¯3 ∈ Fq3, t6 ∈ Fq,
u := x(r1, r2, r3, r4, r5, r6) ∈ U and x(a1, a2, a3, a4, a5, a6) :=
u
Ä
x1(t1)x3(t¯3)x6(t6)
ä
.
(1) Let t¯3 ∈ t1F+q , then there exists s ∈ F
+
q such that t¯3 = st1. By 3.8,
a1 =t1, a2 = 0, a3 = r2t1 + t¯3 = (r2 + s)t1, a4 = −r2t
q+1
1 − (r3 − sr1)t
q
1 − (r3 − sr1)
qt1,
a5 =r2t
q2+q+1
1 + φ0
Ä
rq
2
1 (−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
rq
2
3 t
q+1
1
ä
+ φ0
Ä
− t1r
q
4
ä
+ φ0
Ä
srq
2+q
1 t1
ä
,
a6 =t6 + r
2
2t
q2+q+1
1 + r2a5 + φ0
Ä
− t1r
q2+q
3
ä
+ φ0
Ä
− s2r1t
q2+q
1
ä
+ φ0
Ä
− st1r
q
4
ä
+ φ0
Ä
stq
2
1 (r2t
q+1
1 + t1r
q
3 + t
q
1r3)
ä
=t6 + r
2
2t
q2+q+1
1 + (r2 + s)a5 + 2sr2t
q2+q+1
1
+ φ0
Ä
s(r3 − sr1)t
q2+q
1
ä
− φ0
Ä
(r3 − sr1)
q2+qt1
ä
.
Let a3, a4 and a5 be fixed, then a6 is determined uniquely by 3.2 and 3.6. Hence we get
the conjugacy class of x1(t1)x6(t6).
U
Ä
x1(t1)x6(t6)
ä
=
¶
x(t1, 0, s2t1, s4, s5, sˆ6) | s4 ∈ Fq3 , s2, s5 ∈ Fq
©
.
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Table 1: Conjugacy classes of U for p > 2
Representatives x ∈ U Conjugacy Classes Ux |Ux|
I8 x(0, 0, 0, 0, 0, 0) 1
x6(t
∗
6), t
∗
6 ∈ F
∗
q x(0, 0, 0, 0, 0, t
∗
6) 1
x5(t
∗
5), t
∗
5 ∈ F
∗
q
x(0, 0, 0, 0, t∗5 , s6),
s6 ∈ Fq
q
x4(t
∗
4), t
∗
4 ∈ F
∗
q3
x(0, 0, 0, t∗4, s5, s6),
s5, s6 ∈ Fq
q2
x(0, 0, t∗3, 0, t5, 0),
t∗3 ∈ F
∗
q3 , t5 ∈ Fq
x(0, 0, t∗3, s4, sˆ5, s6),
s4 ∈ Fq3 , s6 ∈ Fq
q4
x(0, t∗2, 0, t4, t5, 0),
t∗2 ∈ F
∗
q, t4, t5 ∈ Fq
x(0, t∗2, s3, sˆ4, sˆ5, s6),
s3 ∈ Fq3 , s6 ∈ Fq
q4
x(t∗1, 0, 0, 0, 0, t6),
t∗1 ∈ F
∗
q3 , t6 ∈ Fq
x(t∗1, 0, t
∗
1s2, s4, s5, sˆ6),
s4 ∈ Fq3 , s2, s5 ∈ Fq
q5
x(t∗1, 0, t¯
∗
3, 0, 0, 0),
t∗1 ∈ F
∗
q3 , 0 6= t¯
∗
3 ∈ T
t∗1
x(t∗1, 0, t¯
∗
3 + t
∗
1s2, s4, s5, s6),
s4 ∈ Fq3 , s2, s5, s6 ∈ Fq
q6
x(t∗1, t
∗
2, 0, 0, 0, 0),
t∗1 ∈ F
∗
q3 , t
∗
2 ∈ F
∗
q
x(t∗1, t
∗
2, s3, s4, s5, s6),
s3, s4 ∈ Fq3 , s5, s6 ∈ Fq
q8
where sˆ− is determined by some of t
∗
−, t− and s−. The entries in the 1st column are the
representatives of the distinct conjugacy classes of U . For a fixed representative x ∈ U , Ux in
the 2nd column is the conjugacy class of x, and |Ux| in the 3rd column is the number of the
elements of Ux.
(2) Let t¯3 /∈ t1F+q . By 3.8,
a1 =t1, a2 = 0, a3 = t¯3 + r2t1, a4 = −r2t
q+1
1 − t1r
q
3 − t
q
1r3 + r1t¯
q
3 + r
q
1 t¯3,
a5 =r2t
q2+q+1
1 + φ0
Ä
rq
2
1 (−r3t
q
1 − r
q
3t1)
ä
+ φ0
Ä
rq
2
3 t
q+1
1
ä
+ φ0
Ä
− t1r
q
4
ä
+ φ0
Ä
rq
2+q
1 t¯3
ä
,
a6 =t6 + r
2
2t
q2+q+1
1 + r2a5 + φ0
Ä
− t1r
q2+q
3
ä
+ φ0
Ä
− r1t¯
q2+q
3
ä
+ φ0
Ä
− t¯3r
q
4
ä
+ φ0
Ä
t¯q
2
3 (r2t
q+1
1 + t1r
q
3 + t
q
1r3)
ä
.
For the fixed r1, r2, r3 and a5, let
T := {t1r
q
4 | r4 ∈ Fq3 , and r1, r2, r3, a5 are fixed}.
By 3.2, |T | = q2. Let x0 ∈ T , then T = x0 + ker φ0 and t¯3r
q
4 ∈
t¯3x0
t1
+ t¯3t1 kerφ0. We know
t¯3 /∈ t1F+q , so
t¯3
t1
∈ F+q3\F
+
q . Hence
{φ0(t¯3r
q
4) | t1r
q
4 ∈ T} =
®
φ0(
t¯3x0
t1
) + φ0(t)
∣∣∣∣∣ t ∈
t¯3
t1
kerφ0
´
3.9
= F+q .
Thus a6 can be every element of Fq for the fixed r1, r2, r3 and a5. Therefore,
U
Ä
x1(t1)x3(t¯3)
ä
=
¶
x(t1, 0, t¯3 + s2t1, s4, s5, s6) | s4 ∈ Fq3 , s2, s5, s6 ∈ Fq
©
.
By 3.8, the other conjugacy classes are also determined. Then the proposition is obtained.
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3.12 Remark. If p = 2, the map ζu in Lemma 3.6 is not surjective. Similarly, Corollary 3.7 does
not hold either. Thus there are some differences between the classification of conjugacy classes of
U for p = 2 and for p > 2. Some results still hold when their proofs does not use the surjective
property. Let x := x(t1, t2, t3, t4, t5, t6) ∈ U . If t1 = t3 = 0, the classifications of conjugacy classes
of x for p = 2 and these for p > 2 are the same. Otherwise, the analysis of conjugacy classes of x
for p = 2 and this for p > 2 are different. For example, let t∗3 ∈ F
∗
q3, then {t
∗
3r
q + t∗3
qr | r ∈ Fq3} =
{ζt∗3(r
q2) | r ∈ Fq3} = im ζt∗3 and |im ζt∗3 | = q
2. Similar to the proof of Proposition 3.11, we obtain
the conjugacy class of x3(t
∗
3) for p = 2 as follows:
Ux3(t
∗
3) =
®
{x(0, 0, t∗3, s˜4, s5, s6) ∈ U | s˜4 ∈ im ζt∗3 , s5, s6 ∈ Fq} if p = 2
{x(0, 0, t∗3, s4, sˆ5, s6) ∈ U | s4 ∈ Fq3 , s6 ∈ Fq} if p > 2
,
where sˆ5 ∈ Fq is determined by t∗3 and s4 (see Proposition 3.11).
4 Irreducible characters
In [Le16], Tung Le constructed and counted all ordinary irreducible characters of U , mainly
using Clifford theory. In this section, we give the specific constructions of the irreducible char-
acters of U using Clifford’s Theorem (see [CR81]) when p > 2, so that we can determine the
values of the irreducible characters in the next section.
Let G be a finite group, N a normal subgroup of G, and K a field. Let Irr(G) be the
set of all complex irreducible characters of G, and trivG the trivial character of G. Let H
be a subgroup of G, χ ∈ Irr(G) and λ ∈ Irr(H), then we denote by IndGHλ the character
induced from λ, and deonte by ResGHχ the restriction of χ to H. The center of G is denoted by
Z(G). The kernel of χ is kerχ := {g ∈ G | χ(g) = χ(1)}. The commutator subgroup of G is
G′ = 〈 [x, y] | x, y ∈ G 〉, where [x, y] = x−1y−1xy. Let λ ∈ Irr(N), then the inertia group in G is
IG(λ) = {g ∈ G | λ
g = λ} where λg(n) = λ(gng−1) for all n ∈ N . In paricular, N unlhd IG(λ) 6 G.
4.1 Notation/Lemma. Let ϑ : F+q → C
∗ denote a fixed nontrivial linear character of the additive
group F+q of Fq once and for all. In particular,
∑
x∈F+q
ϑ(x) = 0.
We determine the irreducible characters of F+q3 and F
+
q .
4.2 Lemma. Let a ∈ Fq3, b ∈ Fq and
ϑa : F
+
q3 → C
∗ : x 7→ ϑpiq(ax),
ϑb : F
+
q → C
∗ : y 7→ ϑpiq(by) = ϑ(by),
then Irr(F+q3) = {ϑa | a ∈ Fq3} and Irr(F
+
q ) = {ϑb | b ∈ Fq}.
Proof. Let a ∈ Fq3. By 3.5 and 4.1, we get ϑa(x + y) = ϑa(x) · ϑa(y) for all x, y ∈ Fq3, so
Irr(F+q3) ⊇ {ϑa | a ∈ Fq3}. Let a, c ∈ Fq3 and ϑa = ϑc, then ϑa(x) = ϑc(x) for all x ∈ Fq3, i.e.
ϑpiq(ax) = ϑpiq(cx) for all x ∈ Fq3 . Thus a = c by 3.5. Otherwise, ϑ(y) = 1 for all y ∈ Fq,
this is a contradiction since ϑ is nontrivial by 4.1. Thus #{ϑa | a ∈ Fq3} = q
3. Therefore,
Irr(F+q3) = {ϑa | a ∈ Fq3}. Similarly, we obtain the second formula.
4.3 Corollary. Let u ∈ Fq3, and ϑ˜u : F
+
q3 → C
∗ : t 7→ ϑpiq(u
qt+ utq
2
), then ϑ˜u = ϑη−1(η+ηq)uq and
Irr(F+q3) = {ϑ˜u | u ∈ Fq3}.
Proof. For all t ∈ F+q3 , ϑ˜u(t) = ϑpiq(u
qt+ utq
2
)
3.5
= ϑφ0(ηu
qt+ ηutq
2
)
3.2
= ϑφ0((η + η
q)uqt)
=ϑpiq(η
−1(η + ηq)uqt) = ϑη−1(η+ηq )uq(t). By 3.4, η + η
q 6= 0. By 4.2, we obtain the second
formula.
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4.4 Lemma. Let G be a finite group, Z(G) ⊆ N E G, and χ ∈ Irr(G). Let λ ∈ Irr(N) such that
〈ResGNχ, λ〉N = e > 0. Then for all g ∈ Z(G),
Ä
ResGNχ
ä
(g) = e
|G|
|IG(λ)|
λ(g)
and g /∈ kerχ ⇐⇒ g /∈ kerλ. In particular, if X 6 Z(G), then X * kerχ if and only if
X * kerλ.
Proof. By Clifford’s Theorem, we have for all g ∈ Z(G)
Ä
ResGN
ä
χ(g) = e
∑
h∈TIG(λ)\G
λh(g)
g∈Z(G)
= e
|G|
|IG(λ)|
λ(g).
Let 1 be the identity element of G and g0 ∈ Z(G), then
χ(g0) 6=χ(1) ⇐⇒
Ä
ResGNχ
ä
(g0) 6=
Ä
ResGNχ
ä
(1) ⇐⇒ λ(g0) 6= λ(1).
Thus g /∈ kerχ ⇐⇒ g /∈ kerλ.
4.5 Definition (2.1, [Le16]). Let χ be an irreducible character of a group G. χ is said to be
almost faithful if Z(G) 
 kerχ.
We determine some inertia groups.
4.6 Lemma. Let T := X2X3X4X5X6, N := X4X5X6 and H := X1X4X5X6.
(1) The subgroup N is abelian, N E U , T E U and H 6 U as follows:
U=TH=
X2X1X3X4X5X6
E
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
>
❖❖
❖❖
❖❖
❖❖
❖❖
❖
T=
X2X3X4X5X6
D PP
PP
PP
PP
PP
PP
H=
X1X4X5X6
E
♦♦
♦♦
♦♦
♦♦
♦♦
♦
N=T∩H=
X4X5X6
(2) Let λ ∈ Irr(N) and ResNX6λ 6= trivX6. If λ satisfies that Res
N
X5λ = trivX5, we have
IU (λ) = {u ∈ U | λ
u = λ} = H.
(3) Let λ ∈ Irr(N), the inertia group IT (λ) is
IT (λ) =
®
T if ResNX6λ = trivX6
N if ResNX6λ 6= trivX6
.
(4) Let λ ∈ Irr(N), then the inertia group IH(λ) is
IH(λ) =
®
H if ResNX5λ = trivX5
N if ResNX5λ 6= trivX5
.
(5) Let ψ ∈ Irr(T ) and X6 = Z(T ) * kerψ, then the inertia group IU(ψ) is
IU (ψ) = {u ∈ U | ψ
u = ψ} = U.
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Proof. (1) From the commutator relations of U and by 3.8, we obtain thatN is abelian,N and
T are normal subgroups of U , and H is a subgroup of U . Then N is a normal subgroup of
N and H, since N is a normal subgroup of U .
(2) Let u := x(r1, r2, r3, r4, r5, r6) ∈ U , x := x4(t4)x5(t5)x6(t6) ∈ N , and λ ∈ Irr(N), then λ is
a linear character since N is abelian. We have
λu(x) =λ(u · x · u−1)
3.8
= λ (x4(t4)x5(t5 + φ0(r1t
q
4))x6(t6 + r2t5 + φ0(r1r2t
q
4) + φ0(r3t
q
4)))
ResN
X5
λ=trivX5
= λ(x4(t4)) · λ(x6(t6 + r2t5 + φ0(r1r2t
q
4) + φ0(r3t
q
4))).
Since X6 * ker λ and X5 ⊆ kerλ, we get
IU (λ) = {u ∈ U | λ
u = λ} = {u ∈ U | λ(u · x · u−1) = λ(x) for all x ∈ N}
3.2
= {u := x(r1, r2, r3, r4, r5, r6) ∈ U | r2 = r3 = 0} = X1X4X5X6 = H.
(3) c.f. the proof of (2).
(4) c.f. the proof of (2).
(5) Let x6(t6) ∈ X6. Since X6 = Z(T ) E N E T , there exists λ ∈ Irr(N) such that 0 < e =
〈ResTNψ, λ〉N , then
Ä
ResTNψ
ä
(x6(t6)) = e
|T |
|IT (λ)|
λ(x6(t6)). By 4.4, X6 = Z(T ) * kerλ since
X6 = Z(T ) * kerψ. Then ResNX6λ 6= trivX6 . Then IT (λ) = N by (3), so Ind
T
Nλ ∈ Irr(T )
by Clifford’s Theorem. Thus e = 1 and ψ = IndTNλ.
Let u := x(s1, s2, s3, s4, s5, s6) ∈ U and h := x(0, t2, t3, t4, t5, t6) ∈ T , then
ψ(h) =
Ä
IndTNλ
ä
(h) =
1
|N |
∑
y∈T
y·h·y−1∈N
λ(y · h · y−1).
– Let t2 6= 0 or t3 6= 0, then ψ(h) =
Ä
IndTNλ
ä
(h) = 0 and
(ψu)(h) =
Ä
IndTNλ
äu
(h) =
Ä
IndTNλ
ä
(u · h · u−1)
3.8
= 0.
– Let t2 = t3 = 0, then by 3.8
ψ(h) =
Ä
IndTNλ
ä
(h) =
1
|N |
∑
y∈T
y·h·y−1∈N
λ(y · h · y−1)=
1
|N |
∑
y∈T
λ(y · h · y−1)
y:=x(0,r2,r3,r4,r5,r6)
=
1
|N |
∑
r2,r5,r6∈Fq
r3,r4∈Fq3
λ(x4(t4)x5(t5)x6(t6 + r2t5 + φ0(r3t
q
4))),
and
(ψu)(h) =
Ä
IndTNλ
äu
(h) =
Ä
IndTNλ
ä
(u · h · u−1)
=
Ä
IndTNλ
ä
(x4(t4)x5(t5 + φ0(s1t
q
4))x6(t6 + s2t5 + φ0(s1s2t
q
4) + φ0(s3t
q
4)))
=
1
|N |
∑
r2,r5,r6∈Fq
r3,r4∈Fq3
λ(x4(t4)x5(t5 + φ0(s1t
q
4))x6(t6 + s2t5 + φ0(s1s2t
q
4) + φ0(s3t
q
4))
· x6(r2t5 + r2φ0(s1t
q
4) + φ0(r3t
q
4))).
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Since X6 * ker λ, we have for all u ∈ U
(ψu)(h) = ψ(h) =
®
q4λ(x6(t6)) if t2 = t3 = t4 = t5 = 0
0 otherwise
.
Thus IU (ψ) = U .
We determine the irreducible characters of the abelian group X4X5X6. From now on, we
set N := X4X5X6.
4.7 Lemma. Let A17, A16 ∈ Fq, A15 ∈ Fq3 and
λA17,A16,A15(x4(t4)x5(t5)x6(t6)) := ϑ(A17t6) · ϑ(A16t5) · ϑpiq(A
q
15t4 +A15t
q2
4 ),
then Irr(N) =
¶
λA17,A16,A15
∣∣∣A17, A16 ∈ Fq, A15 ∈ Fq3
©
.
Now we determine the irreducible characters of the subgroup H = X1X4X5X6 of U .
4.8 Lemma. Let H := X1X4X5X6 and χ˜ ∈ Irr(H), then H
′ = X5.
(1) If X5 ⊆ ker χ˜, let H¯146 := X5\H ∼= X¯1X¯4X¯6, χ¯
A17,A15,A12 ∈ Irr(H¯146),
χ¯A17,A15,A12(x¯1(t1)x¯4(t4)x¯6(t6)) := ϑ(A17t6) · ϑpiq(A
q
15t4 +A15t
q2
4 ) · ϑpiq(A12t1).
Denote by χ˜A17,A15,A12 the lift of χ¯A17,A15,A12 to H, then
Irr(H)1 :={χ˜ ∈ Irr(H) | X5 ⊆ ker χ˜} =
¶
χ˜A17,A15,A12 ∈ Irr(H)
∣∣∣A17 ∈ Fq, A15, A12 ∈ Fq3
©
.
(2) If X5 * ker χ˜, we have
Irr(H)2 := {χ˜ ∈ Irr(H) |X5 * ker χ˜} =
¶
IndHNλ
A17,A∗16,0
∣∣∣A17 ∈ Fq, A∗16 ∈ F∗q
©
.
Thus, Irr(H) = Irr(H)1∪˙Irr(H)2, i.e. H has q
7 linear characters and (q−1)q irreducible characters
of degree q3.
Proof. Let χ˜ ∈ Irr(H). From the commutator relations, H ′ = X5 and Z(H) = X5X6.
(1) If X5 ⊆ ker χ˜, χ˜ is linear. Since H
′ = X5, all linear characters of H are precisely the lifts
to H of the irreducible characters of the abelian quotient group X5\H.
(2) If X5 * ker χ˜, let λ ∈ Irr(N) and 〈ResHN χ˜, λ〉N > 0. Since X5 E Z(H) E N E H,
by 4.4 X5 * kerλ i.e. ResNX5λ 6= trivX5 , then IH(λ) = N by (4) of 4.6. By Clifford’s
Theorem, χ˜ = IndHNλ and deg(χ˜) = q
3. Then there exists λA17,A
∗
16,A15 ∈ Irr(N) such
that λ = λA17,A
∗
16,A15. We note that X1 is a transversal of N in H. Let r1 ∈ Fq3, for all
x4(t4)x5(t5)x6(t6) ∈ N ,
Ä
λA17,A
∗
16,A15
äx1(r1)
(x4(t4)x5(t5)x6(t6))
=λA17,A
∗
16,A15(x1(r1) · x4(t4)x5(t5)x6(t6) · x1(r1)
−1)
=λA17,A
∗
16,A15(x4(t4)x5(t5 + φ0(r1t
q
4))x6(t6))
=ϑ(A17t6) · ϑ(A
∗
16(t5 + φ0(r1t
q
4))) · ϑpiq(A
q
15t4 +A15t
q2
4 )
=ϑ(A17t6) · ϑ(A
∗
16t5) · ϑpiq(η
−1((η + ηq)Aq15 +A
∗
16r
q2
1 )t4).
By Clifford’s Theorem, χ˜ = IndHNλ
A17,A∗16,0 and
ResHN Ind
H
Nλ
A17,A∗16,0 =
∑
r1∈Fq3
Ä
λA17,A
∗
16,A15
äx1(r1)
=
∑
B15∈Fq3
λA17,A
∗
16,B15 .
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Thus H has q7 linear characters and (q − 1)q irreducible characters of degree q3.
By the commutator relations, we determine the conjugacy classes of H, and obtain the
character table of H.
4.9 Corollary. Let x := x(t1, 0, 0, t4, t5, t6) ∈ H be a representative of one conjugacy class of H,
then the character table of H is shown in Table 2.
Table 2: Character table of H
|Hx| 1 q q
x x5(t5)x6(t6) x4(t
∗
4)x6(t6) x1(t
∗
1)x4(t4)x6(t6)
χ˜A17,A15,A12 ϑ(A17t6)
ϑ(A17t6)
·ϑpiq(A
q
15t
∗
4 +A15t
∗
4
q2)
ϑ(A17t6)
·ϑpiq(A
q
15t4 +A15t
q2
4 )
·ϑpiq(A12t
∗
1)
IndHNλ
A17,A∗16,0
q3ϑ(A17t6)
·ϑ(A∗16t5)
0 0
Similar to H, we construct the irreducible character of the normal subgroup X2X3X4X5X6
of U .
4.10 Lemma. Let T := X2X3X4X5X6 and ψ ∈ Irr(T ), then T
′ = X6.
(1) If X6 ⊆ kerψ, let H¯2345 := X6\T ∼= X¯2X¯3X¯4X¯5, χ¯
A16,A15,A13,A23 ∈ Irr(H¯2345),
χ¯A16,A15,A13,A23(x¯2(t2)x¯3(t3)x¯4(t4)x¯5(t5))
:= ϑ(A16t5) · ϑpiq(A
q
15t4 +A15t
q2
4 ) · ϑpiq(−A13t3) · ϑ(A23t2).
Denote by ψA16,A15,A13,A23 the lift of χ¯A16,A15,A13,A23 to T , then
Irr(T )1 := {ψ ∈ Irr(T ) |X6 ⊆ kerψ} =
¶
ψA16,A15,A13,A23
∣∣∣A16, A23 ∈ Fq, A13, A15 ∈ Fq3
©
.
(2) If X6 * kerψ, let ψA
∗
17 := IndTNλ
A∗17,0,0. Then
Irr(T )2 := {ψ ∈ Irr(T ) |X6 * kerψ} =
¶
ψA
∗
17
∣∣∣A17 ∈ F∗q
©
.
Thus, Irr(T ) = Irr(T )1∪˙Irr(T )2, i.e. T has q
8 linear characters and (q − 1) irreducible characters
of degree q4.
By the commutator relations, we also determine the conjugacy classes of T and the character
table of T .
4.11 Corollary. Let x := x(0, t2, t3, t4, t5, t6) ∈ T be a representative of one conjugacy class of T ,
then the character table of T is the one in Table 3.
Now we give the explicit constructions of the irreducible characters of U when p > 2.
4.12 Proposition. Let p > 2, A12, A13, A15 ∈ Fq3, and A23, A16, A17 ∈ Fq.
Let A∗12, A
∗
13, A
∗
15 ∈ F
∗
q3 , A
∗
23, A
∗
16, A
∗
17 ∈ F
∗
q and T
A∗13 be a transversal of A∗13F
+
q in F
+
q3 . Then
all of the pairwise orthogonal irreducible characters of U can be constructed as follows:
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Table 3: Character table of T
|Tx| 1 q q q q
x x6(t6) x5(t
∗
5) x4(t
∗
4)x5(t5) x3(t
∗
3)x4(t4)x5(t5)
x2(t
∗
2
)x3(t3)
·x4(t4)x5(t5)
ψA16,A15,A13,A23 1 ϑ(A16t
∗
5)
ϑ(A16t5)
·ϑpiq(A
q
15
t∗4)
·ϑpiq(A15t
∗
4
q2)
ϑ(A16t5)
·ϑpiq(A
q
15
t4)
·ϑpiq(A15t
q2
4
)
·ϑpiq(−A13t
∗
3
)
ϑ(A16t5)
·ϑpiq(A
q
15
t4)
·ϑpiq(A15t
q2
4
)
·ϑpiq(−A13t3)
·ϑ(A23t
∗
2
)
ψA
∗
17 q4ϑ(A∗
17
t6) 0 0 0 0
(1) Let U¯ := X3X4X5X6\U = X¯2X¯1, χ¯
A12,A23
lin ∈ Irr(U¯), χ¯
A12,A23
lin (x¯2(t2)x¯1(t1)) := ϑpiq(A12t1) ·
ϑ(A23t2), and denote by χ
A12,A23
lin the lift of χ¯
A12,A23
lin to U , then
Flin :={χ ∈ Irr(U) | X3X4X5X6 ⊆ kerχ} =
¶
χA12,A23lin
∣∣∣A12 ∈ Fq3 , A23 ∈ Fq
©
.
(2) Let A¯
A∗13
12 ∈ T
A∗13, U¯ := X4X5X6\U = X¯2X¯1X¯3, H¯ := X¯1X¯3, χ¯
A13,A12
3,q ∈ Irr(H¯) with
χ¯A13,A123,q (x¯1(t1)x¯3(t3)) := ϑpiq(A12t1 − A13t3). Let χ
A∗13,A¯
A∗
13
12
3,q be the lift of Ind
U¯
H¯ χ¯
A∗13,A¯
A∗
13
12
3,q to
U , then
F3 :={χ ∈ Irr(U) | X4X5X6 ⊆ kerχ, X3 * kerχ} =
®
χ
A∗13,A¯
A∗13
12
3,q
∣∣∣∣∣A
∗
13 ∈ F
∗
q3 , A¯
A∗13
12 ∈ T
A∗13
´
.
(3) Let U¯ := X5X6\U = X¯2X¯1X¯3X¯4, H¯ := X¯2X¯3X¯4, χ¯
A15,A23,A13
4,q3 ∈ Irr(H¯), and
χ¯A15,A23,A134,q3 (x¯2(t2)x¯3(t3)x¯4(t4)) := ϑ(A23t2) · ϑpiq(−A13t3) · ϑpiq(A
q
15t4 +A15t
q2
4 ).
Denote by χ
A∗15,A23
4,q3 the lift of Ind
U¯
H¯ χ¯
A∗15,A23,0
4,q3 to U , then
F4 :={χ ∈ Irr(U) | X5X6 ⊆ kerχ, X4 * kerχ} =
{
χ
A∗15,A23
4,q3
∣∣∣A∗15 ∈ F∗q3 , A23 ∈ Fq
}
.
(4) Let U¯ := X6\U = X¯2X¯1X¯3X¯4X¯5, H¯ := X¯2X¯3X¯4X¯5, χ¯
A16,A23,A13,A15
5,q3 ∈ Irr(H¯), and
χ¯A16,A23,A13,A155,q3 (x¯2(t2)x¯3(t3)x¯4(t4)x¯5(t5))
:=ϑ(A23t2) · ϑpiq(−A13t3) · ϑpiq(A
q
15t4 +A15t
q2
4 ) · ϑ(A16t5).
Denote by χ
A∗16,A23,A13
5,q3 the lift of Ind
U¯
H¯ χ¯
A∗16,A23,A13,0
5,q3 to U , then
F5 :={χ ∈ Irr(U) | X6 ⊆ kerχ, X5 * kerχ} =
{
χ
A∗16,A23,A13
5,q3
∣∣∣A∗16 ∈ F∗q, A23 ∈ Fq, A13 ∈ Fq3
}
.
(5) Let H := X1X4X5X6, H¯ := X4X5\H ∼= X¯1X¯6, χ¯
A17,A12
6,q4 ∈ Irr(H¯), and
χ¯A17,A126,q4 (x¯1(t1)x¯6(t6)) := ϑpiq(A12t1) · ϑ(A17t6).
Let χ˜A17,A126,q4 denote the lift of χ¯
A17,A12
6,q4 from H¯ to H, and χ
A∗17,A12
6,q4 := Ind
U
H χ˜
A∗17,A12
6,q4 , then
F6 :={χ ∈ Irr(U) | X6 * kerχ} =
{
χ
A∗17,A12
6,q4
∣∣∣A∗17 ∈ F∗q, A12 ∈ Fq3
}
.
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Hence Irr(U) = Flin∪˙F3∪˙F4∪˙F5∪˙F6.
Proof. Let χ ∈ Irr(U).
(1) Family Flin, where X3X4X5X6 ⊆ kerχ.
Since U ′ = X3X4X5X6, all linear characters of U are precisely the lifts of the linear
characters of the quotient group X3X4X5X6\U .
(2) Family F3, where X4X5X6 ⊆ kerχ and X3 * kerχ.
Let U¯ := X4X5X6\U = X¯2X¯1X¯3, then the commutator relation in U¯ is [x¯2(t2), x¯1(t1)] =
x¯3(t2t1). Let H¯ := X¯1X¯3, χ¯
A13,A12
3,q ∈ Irr(H¯) and
χ¯A13,A123,q (x¯1(t1)x¯3(t3)) := ϑpiq(A12t1) · ϑpiq(−A13t3).
We note that X¯2 is a transversal of H¯ in U¯ , and Z(U¯) = X¯3. For all s2 ∈ Fq,
(
χ¯
A∗13,A12
3,q
)x¯2(s2)
(x¯1(t1)x¯3(t3)) = χ¯
A∗13,A12
3,q (x¯2(s2) · x¯1(t1)x¯3(t3) · x¯2(s2)
−1)
=χ¯
A∗13,A12
3,q (x¯1(t1)x¯3(t3 + s2t1)) = ϑpiq(A12t1 −A
∗
13(t3 + s2t1))
=ϑpiq((A12 − s2A
∗
13)t1 −A
∗
13t3) = ϑpiq((A12 − s2A
∗
13)t1) · ϑpiq(−A
∗
13t3),
so IU¯ (χ¯
A∗13,A12
3,q ) = H¯. By Clifford theory, χ˜
A∗13,A12
3,q := Ind
U¯
H¯ χ¯
A∗13,A12
3,q ∈ Irr(U¯) and
ResU¯H¯ χ˜
A∗13,A12
3,q =
∑
s2∈Fq
(
χ¯
A∗13,A12
3,q
)x¯2(s2)
=
∑
s2∈Fq
χ¯
A∗13,A12−s2A
∗
13
3,q .
By Clifford theory, there are q2(q3 − 1) almost faithful irreducible characters of U¯ , i.e.
{χ˜
A∗13,A¯
A∗
13
12
3,q | A
∗
13 ∈ F
∗
q3 , A¯
A∗13
12 ∈ T
A∗13}. Let χ
A∗13,A¯
A∗
13
12
3,q be the lift of χ˜
A∗13,A¯
A∗
13
12
3,q to U . Thus,
F3 ={χ ∈ Irr(U) | X4X5X6 ⊆ kerχ, X3 * kerχ} =
®
χ
A∗13,A¯
A∗13
12
3,q
∣∣∣∣∣A
∗
13 ∈ F
∗
q3 , A¯
A∗13
12 ∈ T
A∗13
´
.
(3) The proof of the Family F4 is an adaptation of the proof of the Family F3.
(4) The proof of the Family F5 is also an adaptation of the proof of the Family F3.
(5) Family F6, where X6 * kerχ.
Let T := X2X3X4X5X6, N := X4X5X6, and χ ∈ Irr(U) such that X6 * ker(χ), then
Z(T ) = Z(U) = X6. Let ψ ∈ Irr(T ) and 〈ψ,Res
U
T χ〉T > 0, then X6 * kerψ by 4.4. Let
λA17,A16,A15 ∈ Irr(N) and
λA17,A16,A15(x4(t4)x5(t5)x6(t6)) := ϑ(A17t6) · ϑ(A16t5) · ϑpiq(A
q
15t4 +A15t
q2
4 ),
then by 4.10, {ψ ∈ Irr(T ) | X6 * kerψ} = {Ind
T
Nλ
A∗17,0,0 | A∗17 ∈ F
∗
q} = {ψ
A∗17 | A∗17 ∈ F
∗
q}.
By (5) of 4.6, IU (ψ
A∗17) = U , so ResUT χ = z
∗ψA
∗
17 for some z∗ ∈ N∗. Thus
F6 ={χ ∈ Irr(U) | X6 * kerχ} =
⋃
ψ∈Irr(T )
X6*kerψ
{χ ∈ Irr(U) | 〈χ, IndUT ψ〉U > 0}
=
⋃
A∗17∈F
∗
q
{χ ∈ Irr(U) | 〈χ, IndUT ψ
A∗17〉U > 0}
=
⋃
A∗17∈F
∗
q
{χ ∈ Irr(U) | 〈χ, IndUNλ
A∗17,0,0〉U > 0}.
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Let H := X1X4X5X6, then H
′ = X5 and Z(H) = X4X5 E H. Let χ˜
A17,A15,A12 ∈ Irr(H) as
in (1) of 4.8. For all x4(t4)x5(t5)x6(t6) ∈ N ,Ä
ResHN χ˜
A∗17,0,A12
ä
(x4(t4)x5(t5)x6(t6)) = χ˜
A∗17,0,A12(x4(t4)x5(t5)x6(t6))
=χ¯(x¯4(t4)x¯6(t6)) = ϑ(A
∗
17t6) = λ
A∗17,0,0(x4(t4)x5(t5)x6(t6)).
Thus ResHN χ˜
A∗17,0,A12 = λA
∗
17,0,0 for all A12 ∈ Fq3. By (4) of 4.6 we get IH(λ
A∗17,0,0) = H,
thus IndHNλ
A∗17,0,0 =
∑
A12∈Fq3
χ˜A
∗
17,0,A12. By (2) of 4.6 IU (λ
A∗17,0,0) = H. Then by Clifford’s
Theorem, IndUH χ˜
A∗17,0,A12 ∈ Irr(U) for all A∗17 ∈ F
∗
q. Thus
F6=
⋃
A∗17∈F
∗
q
{χ ∈ Irr(U) | 〈χ, IndUHInd
H
Nλ
A∗17,0,0〉U > 0}
=
⋃
A∗17∈F
∗
q
A12∈Fq3
{χ ∈ Irr(U) | 〈χ, IndUH χ˜
A∗17,0,A12〉U > 0}
=
¶
IndUH χ˜
A∗17,0,A12
∣∣∣A∗17 ∈ F∗q, A12 ∈ Fq3
©
.
For A∗17 ∈ F
∗
q and A12 ∈ Fq3, X4X5 ⊆ ker(χ˜
A∗17,0,A12) and X4X5 E H, so χ˜
A∗17,0,A12 is the
lift to H of some irreducible character of H¯ := X4X5\H ∼= X¯1X¯6. Let χ¯
A∗17,A12
6,q4 ∈ Irr(H¯),
and χ¯
A∗17,A12
6,q4 (x¯1(t1)x¯6(t6)) := ϑpiq(A12t1) ·ϑ(A
∗
17t6). Let χ˜
A∗17,A12
6,q4 denote the lift of χ¯
A∗17,A12
6,q4
from H¯ to H, then χ˜
A∗17,A12
6,q4 = χ˜
A∗17,0,A12 . Let χ
A∗17,A12
6,q4 := Ind
U
H χ˜
A∗17,A12
6,q4 , then
F6=
¶
IndUH χ˜
A∗17,0,A12
∣∣∣A∗17 ∈ F∗q, A12 ∈ Fq3
©
=
{
χ
A∗17,A12
6,q4
∣∣∣A∗17 ∈ F∗q, A12 ∈ Fq3
}
.
4.13 Remark. From the proof (5) of Propositon 4.12, we obtain that
IndUT ψ
A∗17 = IndUNλ
A∗17,0,0 = IndUH
Ç ∑
A12∈Fq
χ˜A
∗
17,0,A12
å
=IndUH
Ç ∑
A12∈Fq
χ˜
A∗17,A12
6,q4
å
=
∑
A12∈Fq
IndUH χ˜
A∗17,A12
6,q4 =
∑
A12∈Fq
χ
A∗17,A12
6,q4
4.14 Remark. The irreducible characters in the family F4 in Proposition 4.12 are different for
p = 2, and the construction of these irreducible characters for can be found in [Le16, 3.3]. The
irreducible characters in the other families are the same as these for p > 2.
5 Character table
In this section, we determine the character table of the Sylow p-subgroup U of 3D4(q
3) when
p > 2. We use the notations as in Section 4.
5.1 Proposition. The character table of U for p > 2 is the one in Table 4.
1
6
Y
U
JIA
O
S
U
N
Table 4: Character table of U for p > 2
I8
x1(t
∗
1)
·x6(t6)
x1(t
∗
1)
·x3(t¯
∗
3)
x2(t
∗
2)
·x4(t4)
·x5(t5)
x2(t
∗
2)
·x1(t
∗
1)
x3(t
∗
3)
·x5(t5)
x4(t
∗
4) x5(t
∗
5) x6(t
∗
6)
χ
0,0
lin 1 1 1 1 1 1 1 1 1
χ
A∗
12
,0
lin 1 ϑpiq(A
∗
12t
∗
1) ϑpiq(A
∗
12t
∗
1) 1 ϑpiq(A
∗
12t
∗
1) 1 1 1 1
χ
0,A∗
23
lin
1 1 1 ϑ(A∗23t
∗
2) ϑ(A
∗
23t
∗
2) 1 1 1 1
χ
A∗
12
,A∗
23
lin 1 ϑpiq(A
∗
12t
∗
1) ϑpiq(A
∗
12t
∗
1) ϑ(A
∗
23t
∗
2)
ϑpiq(A
∗
12t
∗
1)
·ϑ(A∗23t
∗
2)
1 1 1 1
χ
A∗
13
,A¯
A
∗
13
12
3,q q > > 0 0
ϑpiq(−A
∗
13t
∗
3)
·q
q q q
χ
A∗
15
,A23
4,q3
q3 0 0 > 0 0
ϑpiq(A
∗
15
qt∗4)
·ϑpiq(A
∗
15t
∗
4
q2)
·q3
q3 q3
χ
A∗
16
,A23,A13
5,q3
q3 0 0 > 0 > 0
ϑ(A∗16t
∗
5)
·q3
q3
χ
A∗
17
,A12
6,q4
q4 > 0 0 0 0 0 0
ϑ(A∗17t
∗
6)
·q4
where the elements of the 1st column (i.e. the row headers) are the complete pairwise orthogonal irreducible characters of U , and more details
can be seen in Proposition 4.12, e.g. A¯
A∗13
12 ∈ T
A∗13 . The entries of the 1st row (i.e. the column headers) are all of the representatives of conjugacy
classes of U , and more details can be seen in Proposition 3.11, e.g. 0 6= t¯∗3 ∈ T
t∗1 . The 6 >-values in the table are followed:
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The (9,3)-entry of Table 4 is
χ
A∗17,A12
6,q4 (x1(t
∗
1)x6(t6)) =
∑
r3∈Fq3
ϑpiq
(
A12t
∗
1 +A
∗
17φ0(−t
∗
1r
q2+q
3 ) +A
∗
17t6
)
=ϑpiq(A12t
∗
1 +A
∗
17t6) ·
∑
r3∈Fq3
ϑ
(
A∗17φ0(−t
∗
1r
q2+q
3 )
)
,
The (8,5)-entry of Table 4 is
χ
A∗16,A23,A13
5,q3 (x3(t
∗
3)x5(t5)) =
∑
r1∈Fq3
ϑpiq
(
−A13t
∗
3 +A
∗
16φ0(t
∗
3r
q2+q
1 ) +A
∗
16t5
)
=ϑpiq(−A13t
∗
3 +A
∗
16t5) ·
∑
r1∈Fq3
ϑ
(
A∗16φ0(t
∗
3r
q2+q
1 )
)
,
The (8,7)-entry of Table 4 is
χ
A∗16,A23,A13
5,q3 (x2(t
∗
2)x4(t4)x5(t5))
=
∑
r1∈Fq3
ϑpiq(A23t
∗
2 +A13r1t
∗
2 +A
∗
16(φ0 (r1t
q
4)− t
∗
2r
q2+q+1
1 ) +A
∗
16t5)
=ϑ(A23t
∗
2 +A
∗
16t5) ·
∑
r1∈Fq3
ϑpiq
(
A13r1t
∗
2 +A
∗
16(φ0 (r1t
q
4)− t
∗
2r
q2+q+1
1 )
)
,
The (7,5)-entry of Table 4 is
χ
A∗15,A23
4,q3 (x2(t
∗
2)x4(t4)x5(t5))
=
∑
r1∈Fq3
ϑpiq(A23t
∗
2 +A
∗
15
q(t4 − t
∗
2r
q+1
1 ) +A
∗
15(t
q2
4 − t
∗
2r
q2+1
1 ))
=ϑ(A23t
∗
2) ·
∑
r1∈Fq3
ϑpiq
(
A∗15
q(t4 − t
∗
2r
q+1
1 ) +A
∗
15(t
q2
4 − t
∗
2r
q2+1
1 )
)
,
The (6,3)-entry of Table 4 is
χ
A∗13,A¯
A∗13
12
3,q (x1(t
∗
1)x6(t6)) =
∑
r2∈Fq
ϑpiq
(
(A¯
A∗13
12 −A
∗
13r2)t
∗
1
)
,
The (6,4)-entry of Table 4 is
χ
A∗13,A¯
A∗13
12
3,q (x1(t
∗
1)x3(t¯
∗
3)) =
∑
r2∈Fq
ϑpiq
(
(A¯
A∗13
12 −A
∗
13r2)t
∗
1 − t¯
∗
3A
∗
13
)
.
Proof. Let x := x(t1, t2, t3, t4, t5, t6) ∈ U .
(1) Calculate the values of χ
A∗17,A12
6,q4 for all A
∗
17 ∈ F
∗
q and A12 ∈ Fq3.
We use the notations of (5) of Proposition 4.12, then
χ
A∗17,A12
6,q4 (x) =
(
IndUH χ˜
A∗17,A12
6,q4
)
(x) =
1
|H|
∑
g∈U
g·x·g−1∈H
χ˜
A∗17,A12
6,q4 (g · x · g
−1)
=
1
|H|
∑
g∈U
g·x·g−1∈H
χ¯
A∗17,A12
6,q4 (X4X5 · (gxg
−1)).
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Thus,
χ
A∗17,A12
6,q4 (x1(t
∗
1)x3(t¯
∗
3)) = χ
A∗17,A12
6,q4 (x2(t
∗
2)x4(t4)x5(t5))
=χ
A∗17,A12
6,q4 (x2(t
∗
2)x1(t
∗
1)) = χ
A∗17,A12
6,q4 (x3(t
∗
3)x5(t5))
gxg−1 /∈H
= 0.
Then
χ
A∗17,A12
6,q4 (x4(t4)x5(t5)x6(t6))
=
1
|H|
∑
g:=x(r1,r2,r3,r4,r5,r6)∈U
g·x4(t4)x5(t5)x6(t6)·g−1∈H
χ˜
A∗17,A12
6,q4 (g · x4(t4)x5(t5)x6(t6) · g
−1)
=
1
|H|
∑
r1,r3,r4∈Fq3
r2,r5,r6∈Fq
χ˜
A∗17,A12
6,q4 (x4(t4)x5(t5 + φ0 (r1t
q
4))
· x6(t6 + r2t5 + φ0(r1r2t
q
4) + φ0(r3t
q
4)))
=
1
|H|
∑
r1,r3,r4∈Fq3
r2,r5,r6∈Fq
χ¯
A∗17,A12
6,q4 (x¯6 (t6 + r2t5 + φ0(r1r2t
q
4) + φ0(r3t
q
4)))
=
1
q3
∑
r1,r3∈Fq3
r2∈Fq
χ¯
A∗17,A12
6,q4 (x¯6 (t6 + r2t5 + φ0(r1r2t
q
4) + φ0(r3t
q
4))),
so,
χ
A∗17,A12
6,q4 (I8) = q
4, χ
A∗17,A12
6,q4 (x4(t
∗
4)) = χ
A∗17,A12
6,q4 (x5(t
∗
5)) = 0, χ
A∗17,A12
6,q4 (x6(t
∗
6)) = q
4 · ϑ(A∗17t
∗
6).
Then
χ
A∗17,A12
6,q4 (x1(t
∗
1)x6(t6)) =
1
|H|
∑
g∈U
g·x1(t∗1)x6(t6)·g
−1∈H
χ˜
A∗17,A12
6,q4 (g · x1(t
∗
1)x6(t6) · g
−1)
g:=x(r1,r2,r3,r4,r5,r6)
=
1
|H|
∑
r2=0
r1,r3,r4∈Fq3
r5,r6∈Fq
χ¯
A∗17,A12
6,q4 (x¯1(t
∗
1)x¯6(t6 + φ0
(
−t∗1r
q2+q
3
)
))
=
∑
r3∈Fq3
χ¯
A∗17,A12
6,q4 (x¯1(t
∗
1)x¯6(t6 + φ0
(
−t∗1r
q2+q
3
)
))
=ϑpiq(A12t
∗
1 +A
∗
17t6) ·
∑
r3∈Fq3
ϑ
(
A∗17φ0(−t
∗
1r
q2+q
3 )
)
.
Thus all the values of χ
A∗17,A12
6,q4 are obtained.
(2) Calculate the values of χ
A∗13,A¯
A∗13
12
3,q for all A
∗
13 ∈ F
∗
q3 and A¯
A∗13
12 ∈ T
A∗13.
We use the notations of (2) of Proposition 4.12. For x = x(t1, t
∗
2, t3, t4, t5, t6) ∈ U with
0 6= t∗2 ∈ F
∗
q, we have
χ
A∗13,A¯
A∗
13
12
3,q (x) =
Ç
IndU¯H¯ χ¯
A∗13,A¯
A∗
13
12
3,q
å
(x¯) =
1
|H¯|
∑
u¯∈U¯
u¯·x¯·u¯−1∈H¯
χ¯
A∗13,A¯
A∗
13
12
3,q (u¯ · x¯ · u¯
−1)
u¯·x¯·u¯−1/∈H¯
= 0.
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If x = x(t1, 0, t3, t4, t5, t6) ∈ U , we have
χ
A∗13,A¯
A∗
13
12
3,q
Ä
x(t1, 0, t3, t4, t5, t6)
ä
=
Ç
IndU¯H¯ χ¯
A∗13,A¯
A∗
13
12
3,q
åÄ
x¯1(t1)x¯3(t3)
ä
=
1
|H¯|
∑
u¯:=x¯2(r2)x¯1(r1)x¯3(r3)∈U¯
u¯·x¯1(t1)x¯3(t3)·u¯−1∈H¯
χ¯
A∗13,A¯
A∗13
12
3,q (u¯ · x¯1(t1)x¯3(t3) · u¯
−1)
=
1
|H¯|
∑
r1,r3∈Fq3
r2∈Fq
χ¯
A∗13,A¯
A∗
13
12
3,q (x¯1(t1)x¯3(t3 + r2t1))
=
∑
r2∈Fq
χ¯
A∗13,A¯
A∗13
12
3,q (x¯1(t1)x¯3(t3 + r2t1)) =
∑
r2∈Fq
ϑpiq
(
A¯
A∗13
12 t1 −A
∗
13(t3 + r2t1)
)
.
Thus we get all the values of χ
A∗13,A¯
A∗
13
12
3,q .
Similarly, we calculate all of the other values of the character table.
In the paper, p is an odd prime. By Propositions 3.11, 4.12 and 5.1, we obtain the number
of the conjugacy classes, and determine the numbers of the complex irreducible characters of
degree qc with c ∈ N. T. Le [Le16] counted the number of irreducible characters for all primes
p.
5.2 Corollary. Let #Irr be the number of irreducible characters of the Sylow p-subgroup U of
3D4(q
3), and #Irrc be the number of irreducible characters of U of dimension q
c with c ∈ N, then
#Irr4 = q
4 − q3 = (q − 1)4 + 3(q − 1)3 + 3(q − 1)2 + (q − 1),
#Irr3 = q
5 − q = (q − 1)5 + 5(q − 1)4 + 10(q − 1)3 + 10(q − 1)2 + 4(q − 1),
#Irr1 = q
5 − q2 = (q − 1)5 + 5(q − 1)4 + 10(q − 1)3 + 9(q − 1)2 + 3(q − 1),
#Irr0 = q
4 = (q − 1)4 + 4(q − 1)3 + 6(q − 1)2 + 4(q − 1) + 1,
and
#Irr =#{Irreducible Characters of U}
=#{Conjugacy Classes of U}
=2q5 + 2q4 − q3 − q2 − q
=2(q − 1)5 + 12(q − 1)4 + 27(q − 1)3 + 28(q − 1)2 + 12(q − 1) + 1.
5.3 Remark. We also consider the analogue of Higman’s conjecture, Lehrer’s conjecture and Isaacs’
conjecture of Un(q) for U . By 5.2, the conjectures are true for U .
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